Abstract. The notion of shape fibration between compact metric spaces was introduced by S. Mardešić and T. B. Rushing. Mardešić extended the notion to arbitrary topological spaces. A shape fibration f : X → Y between topological spaces is defined by using the notion of resolution (p, q, f) of the map f , where p : X → X and q : Y → Y are polyhedral resolutions of X and Y , respectively, and the approximate homotopy lifting property for the system map f : X → Y . Although any map f : X → Y between topological spaces admits a resolution (p, q, f), if polyhedral resolutions p : X → X and q : Y → Y are chosen in advance, there may not exist a system map f : X → Y so that (p, q, f) is a resolution of f . To overcome this deficiency, T. Watanabe introduced the notion of approximate resolution. An approximate resolution of a map f : X → Y consists of approximate polyhedral resolutions p : X → X and q : Y → Y of X and Y , respectively, and an approximate map f : X → Y. In this paper we obtain the approximate homotopy lifting property for approximate maps and investigate its properties. Moreover, it is shown that the approximate homotopy lifting property is extended to the approximate pro-category and the approximate shape category in the sense of Watanabe. It is also shown that the approximate pro-category together with fibrations defined as morphisms having the approximate homotopy lifting property with respect to arbitrary spaces and weak equivalences defined as morphisms inducing isomorphisms in the pro-homotopy category satisfies the composition axiom for a fibration category in the sense of H. J. Baues. As an application it is shown that shape fibrations can be defined in terms of our approximate homotopy lifting property for approximate maps and that every homeomorphism is a shape fibration.
Introduction
The notion of shape fibration between compact metric spaces was first introduced by Mardešić and Rushing ([6] ), and it was extended to arbitrary topological spaces by Mardešić ([4] ) (see also Q. Haxhibeqiri ([2])). There have been many contributions to the theory of shape fibrations. For a survey of the theory of shape fibrations, see [7, 13] .
A shape fibration f : X → Y between spaces is a map which admits a resolution (p, q, f ) of f such that the system map f : X → Y between inverse systems has the approximate homotopy lifting property with respect to any space. A resolution (p, q, f ) of f consists of APol-resolutions p : X → X and q : Y → Y of X and Y , respectively, and a system map f : X → Y . Here APol denotes the class of approximate polyhedra. A resolution p = (p λ ) : X → X of a space X consists of an inverse system X = (X λ , p λλ ′ , Λ) and maps p λ : X → X λ , λ ∈ Λ, such that p λλ ′ p λ ′ = p λ for λ < λ ′ , and the following two conditions hold:
(i) for any map h : X → P into an ANR P and for any open covering V of P , there exist λ ∈ Λ and a map g : X λ → P such that gp λ and h are V-near, and (ii) for any ANR P and for any open covering V of P , there exists an open covering V ′ of P such that whenever λ ∈ Λ and g, g ′ : X λ → P are maps such that gp λ and g ′ p λ are V ′ -near, then there exists λ ′ > λ such that gp λλ ′ and g ′ p λλ ′ are V-near.
For any class C of spaces, a C-resolution p : X → X means a resolution such that all coordinate spaces of X are in C.
A system map f = (f, f µ ) : X → Y between inverse sytems X and Y = (Y µ , q µµ ′ , M ) consists of a function f : M → Λ and maps f µ : X f (µ) → Y µ for µ ∈ M such that for µ < µ ′ there exits λ > f (µ), f (µ ′ ) such that in the sense of Baues ([1]) (Section 5). In particular, we show that the composite of morphisms with the AHLP in the approximate pro-category has the AHLP, and that isomorphisms in the approximate pro-category have the AHLP with respect to any space. Using this result, we extend the AHLP to the approximate shape category in the sense of Watanabe ([12] ). The approximate shape category is a category consisting of spaces as objects and of morphisms based on approximate maps, so that the approximate shape category restricted to topologically complete spaces is equivalent to the category of topologically complete spaces and maps. This is a useful category because, in order to study the properties of a space X, one can express X as an approximate resolution p : X → X with an approximate inverse system consisting of polyhedra or ANR's and investigate the appropriate properties of the approximate inverse system. Finally, we show that the notion of shape fibration is characterized in terms of the AHLP for approximate maps, and as a result we show that every homeomorphism is a shape fibration (Section 6).
Approximate pro-category and approximate shape
Throughout the paper, a space means a topological space, and a map means a continuous map, unless otherwise stated. Let Top denote the category of spaces and maps.
For any space X, let Cov(X) denote the set of all normal open coverings of X. For any subset A of X and U ∈ Cov(X), let st(A, U) = ∪{U ∈ U : U ∩A = ∅}. For each U ∈ Cov(X), let st U = {st(U, U) : U ∈ U}. Let st 1 U = st U and st n+1 U = st(st n U) for each n = 1, 2, .... For any U ∈ Cov(X), two points x, x ′ ∈ X are U-near, denoted (x, x ′ ) < U, provided x, x ′ ∈ U for some U ∈ U. For any V ∈ Cov(Y ), two maps f, g : X → Y between spaces are V-near, denoted (f, g) < V, provided (f (x), g(x)) < V for each x ∈ X. For each U ∈ Cov(X) and V ∈ Cov(Y ), let f U = {f (U ) : U ∈ U} and f −1 V = {f −1 (V ) : V ∈ V}. For any set X, let 1 X : X → X denote the identity function on X. For any U, U ′ ∈ Cov(X), U is said to refine
2.1. Approximate systems. An approximate inverse system (approximate system, in short) X = (X λ , U λ , p λλ ′ , Λ) consists of (1.) a directed preordered set Λ = (Λ, <) with no maximal element; (2.) spaces X λ , for λ ∈ Λ; (3.) U λ ∈ Cov(X λ ), for λ ∈ Λ; and (4.) maps p λλ ′ :
, and p λλ = 1 X λ the identity map on X λ , for λ ∈ Λ.
It must satisfy the following two conditions.
(AI1) For each λ ∈ Λ and U ∈ Cov(X λ ), there exists λ ′ > λ such that
Our definition of approximate system follows that of [12] , and our approximate system is a commutative approximate system in the sense of [5, 8] .
2.2. Approximate resolutions. An approximate map p = (p λ ) : X → X of a space X into an approximate system X = (X λ , U λ , p λλ ′ , Λ) consists of maps p λ : X → X λ for λ ∈ Λ with the following property.
(AS) For each λ ∈ Λ and U ∈ Cov(X λ ), there exists λ
An approximate resolution of a space X is an approximate map p = (p λ ) : X → X which satisfies the following two conditions. (R1) For each ANR P , V ∈ Cov(P ) and map f : X → P , there exist λ ∈ Λ and a map g : X λ → P such that (gp λ , f ) < V; and (R2) For each ANR P and V ∈ Cov(P ), there exists V ′ ∈ Cov(P ) such that whenever λ ∈ Λ and g, g ′ : X λ → P are maps with (gp λ , g
If C is a subcategory of spaces, and if all X λ are objects in C, then an approximate resolution p : X → X is called an approximate C-resolution. Here is a useful characterization of an approximate resolution [12, Theorem 3.4] .
is an approximate resolution of a space X if and only if it satisfies the following two conditions.
(B1) For each U ∈ Cov(X), there exists λ ∈ Λ such that p
Let Pol denote the full subcategory of Top whose objects are polyhedra. Here is an existence theorem for approximate Pol-resolutions [12, Theorem 3.15].
Theorem 2.2. Every space admits an approximate Pol-resolution with a cofinite index set.
Approximate maps. Let
An approximate map f = (f, f µ ) : X → Y is said to be uniform provided it satisfies the following condition.
It is said to be commutative provided it satisfies the following condition.
(C) For any µ, µ ′ ∈ M with µ < µ ′ , there exists λ ∈ Λ with λ > f (µ), f (µ ′ ) such that
A map f : X → Y is a limit of an approximate map f : X → Y, denoted lim f , provided it satisfies the following condition.
(LAM) For each µ ∈ M and V ∈ Cov(Y µ ), there exists µ ′ > µ such that
Here is the existence theorem for limits of approximate maps [8, Theorem 5.8].
Theorem 2.3. Let f : X → Y be an approximate map between approximate systems with limits p : X → X and q : Let APol denote the full subcategory of Top whose objects are approximate polyhedra (see [4] ). Here is the existence theorem for approximate resolutions of any map [12, §4] . Note here that in Thereom 2.4 the approximate resolutions p and q can be chosen in advance.
2.4.
Approximate pro-category. Let C be any full subcategory of Top. In this subsection we recall the approximate pro-category APRO-C, which was first introduced in [12] under the name of approximative pro-category. For more details, see [12, §2] . A more general version of the category, whose objects are noncommutative approximate systems as objects, was introduced in [8] .
We then define a relation ≡ by putting f ≡ f ′ if and only if there exist finitely many approximate maps
Then the relation ≡ is an equivalence relation, and the equivalence class of f is denoted by [f ] .
For n ≥ 0, an increasing function s : Λ → Λ with s > 1 Λ is called an n-refinement function of X provided st n U s(λ) < p −1 λs(λ) U λ , for λ ∈ Λ. For any cofinite index set Λ and for each n ≥ 0, there exists an n-refinement function of X. For any approximate map f = (f, f µ ) : X → Y and for any 1-refinement function of Y, we have an approximate map sf = (f s, q µs(µ) f s(µ) ) : X f s(µ) → Y µ , which is called the terminal shift of f by s, and property (AM) implies the relation sf ∼ f .
For any full subcategory C of Top, we define the category APRO-C as follows. The objects of APRO-C are approximate systems in C with cofinite index sets. The set APRO-C(X, Y) of morphisms X → Y is the set of the equivalence classes of approximate maps X → Y by the equivalence relation ≡. For any F ∈ APRO-C(X, Y) and G ∈ APRO-C(Y, Z), there exist representatives f and g of F and G, respectively, which are uniform approximate maps. Then s(gf ) = (f gs, g s(ν) f gs(ν) ) : X → Z = (Z ν , W ν , r νν ′ , N ) is a well-defined approximate map, where s : N → N is any 1-refinement function. Let the composite GF be the equivalence class [s(gf )]. Let the identity id X ∈ APRO-C(X, X) be the equivalence class which is represented by the approximate map (1 Λ , 1 X λ ) consisting of the identity function 1 Λ : Λ → Λ and the identity maps 1 X λ : X λ → X λ for λ ∈ Λ. The objects thus defined and the morphisms together with the composition and the identity form a category, which is denoted by APRO-C and called the category of approximate systems in C.
For each map f : X → Y , its approximate resolution (p, q, f ) is unique in the following sense [12, §4] .
Theorem 2.5. Let X and Y be spaces. For any approximate resolution p : X → X of X and for any approximate APol-resolution of Y with cofinite index sets, if f , f ′ : X → Y are approximate maps such that (p, q, f ) and
By Theorems 2.4 and 2.5, for arbitrary approximate APol-resolutions p : X → X and q : Y → Y with cofinite index sets and for any map f : X → Y , there exists a unique equivalence class [f ] of an approximate map f :
The following theorem gives a characterization of approximate map inducing an isomorphism in APRO-C [12, 2.6].
Theorem 2.6. An approximate map f : X → Y induces an isomorphism in APRO-C if and only if every admissible pair (λ, µ) ∈ Λ × M admits an admissible pair (λ
The approximate shape category. In this subsection we recall the construction of the approximate shape category ASh. For more details, see [12, §7] .
The objects of ASh are spaces. The set ASh(X, Y ) of morphisms X → Y in ASh is defined as follows. Let E(X) denote the set of approximate APolresolutions p : X → X of X such that X has a cofinite index set. For p ∈ E(X) and
It is readily seen that this is an equivalence relation on E(X, Y ), and the equivalence
, where f ∈ E(p, q) and g ∈ E(q ′ , r ′ ). Let the identity id X ∈ ASh(X, X) be the morphism [1 X ] p,p . Then ASh together with thus defined composites and identities form a category.
There is a well-defined functor AS : Top → ASh which is defined by AS(X) = X for each object X of Top and AS(f ) = [f ] p,q for each map f : X → Y and for some fixed p ∈ E(X) and q ∈ E(Y ).
For any approximate maps f ,
lim f is well-defined. Let CTop 3.5 denote the full subcategory of Top whose objects are topologically complete spaces, and let ASh(CTop 3.5 ) denote the restriction of the category ASh to topologically complete spaces. There is a realization functor R : ASh(CTop 3.5 ) → CTop 3.5 which is defined by R(X) = X for each object X of CTop 3.5 and R(F ) = lim Φ(p, q) −1 (F ) for each F ∈ ASh(CTop 3.5 )(X, Y ) and for some fixed p ∈ E(X) and q ∈ E(Y ). Then the following theorem shows that there is an equivalence of categories CTop 3.5 and ASh(CTop 3.5 ).
Theorem 2.7. R • AS|CTop 3.5 = 1 CTop 3.5 and AS|CTop 3.5 • R = 1 ASh(CTop 3.5 ) .
Approximate homotopy lifting property
In this section we define the approximate homotopy lifting property for morphisms in the approximate pro-category APRO-C for any full subcategory C of Top, and later in Section 6 we extend it to morphisms in the approximate shape category ASh. First, we define the approximate homotopy lifting property for approximate maps.
An approximate map
in C has the approximate homotopy lifting property (AHLP) with respect to a space Z provided it satisfies the following property.
(
and suppose that f has the AHLP with respect to a space Z. For convenience, we introduce the following notation. For any µ ∈ M and V ∈ Cov(Y µ ), let AHLP(µ, V) denote the set of all µ 0 ∈ M such that µ 0 > µ and µ 0 satisfies the condition in (AHLP). For any µ ∈ M , V ∈ Cov(Y µ ), and µ ′ > µ 0 where µ 0 ∈ AHLP(µ, V), let AHLP(µ, V, µ ′ ) denote the set of all λ 0 ∈ Λ such that λ 0 > f (µ ′ ) and λ 0 satisfies the condition in (AHLP). For any
and λ 2 satisfies the condition in (AHLP). For commutative approximate maps, our definition of AHLP coincides with that of Mardešić. Recall the approximate homotopy lifting property in the sense of Mardešić (see [4] ). A system map f = (f, f µ ) : X → Y between systems X = (X λ , p λλ ′ , Λ) and Y = (Y µ , q µµ ′ , M ) has the approximate homotopy lifting property (AHLP) with respect to a space Z provided it satisfies the following property.
(AHLP) c For any admissible pair (λ, µ) ∈ Λ × M and for any U ∈ Cov(X λ ) and V ∈ Cov(Y µ ) there exist an admissible pair 
Let λ ′′ > λ 2 , and let h : Z × 0 → X λ ′′ and H : Z × I → Y µ ′′ be maps such that
By (3.1) and (3.2), (
By (AHLP) c , there exists a mapH :
This shows that the approximate map f has property (AHLP).
Conversely, suppose that the approximate map f has property (AHLP) with respect to a space Z. Let (λ, µ) ∈ Λ × M be an admissible pair, and let V ∈ Cov(Y µ ) and U ∈ Cov(X λ ). Choose µ 0 ∈ AHLP(µ, V), and let 
µ1µ ′′ W. Then by property (AHLP), there exists a mapH : (3.4) , and (3.5) imply
as required.
Next, we extend the definition of the AHLP to morphisms in APRO-C.
where
Let µ ′′ > λ 2 , and let h : Z × 0 → X λ ′′ and H : Z × I → Y µ ′′ be maps such that
Then by (3.9), (3.10), (3.11), (3.12),
By property (AHLP) for f , there exists a mapH :
So, by (3.6), (3.7), (3.8), (3.14),
By (3.13) and (3.15), we conclude that g has the AHLP.
A morphism F : X → Y in APRO-C is said to have the approximate lifting property (AHLP) with respect to a space Z provided some representative f of F has the AHLP with respect to Z. By Theorem 3.2 this is equivalent to saying that every representative f of F has the AHLP with respect to Z.
Properties (AHLP)
* and (AHLP) L For any approximate map f = (f, f µ ) : X → Y and for any space Z, consider the following property.
(AHLP) * For any admissible pair (λ, µ) ∈ Λ × M , there exists an admissible pair (λ ′ , µ ′ ) > (λ, µ) such that whenever h :
We have the following characterization of property (AHLP).
Theorem 4.1. Let f = (f, f µ ) : X → Y be an approximate map, and let s be a 1-refinement function. Then the following implications hold.
(1.) (AHLP) for f =⇒ (AHLP) * for sf , and (2.) (AHLP) * for sf =⇒ (AHLP) for f .
Proof. First, to show the first assertion, assume that f has property (AHLP). Let (λ, µ) ∈ Λ × M be an admissible pair for sf . Choose
The admissible pair (λ ′′ , µ ′′ ) thus defined satisfies condition (AHLP) * for sf . Indeed, suppose that h : Z × 0 → X λ ′′ and H : Z × I → Y µ ′′ are maps such that
This together with property (AHLP) implies that there exists a map H ′ :
By (4.5) and (AI2),
By (4.1) and (4.6),
(4.8) and the fact that s is a 1-refinement function imply
By (4.7) and (4.9), the mapH = p λλ ′ H ′ : Z × I → X λ is the desired map in (AHLP) * for sf .
To show the second assertion, assume (AHLP) * for sf . Let µ ∈ M and V ∈ Cov(Y µ ). Choose µ 0 > µ such that (4.10)
Apply property (AHLP) * for sf to the admissible pair (λ ′ 0 , µ ′ ), and obtain an admissible pair (λ
Let λ ′′ > λ 2 . To verify property (AHLP) for f , suppose that h : Z × 0 → X λ ′′ and H : Z × I → Y µ ′′ are maps such that
. By (4.12), (4.13), and the fact that s is a 1-refinement function, (4.14)
By (4.14) and (AHLP) * for sf , there exists a map
By (4.11) and (4.15),
By (4.10) and (4.16),
An approximate map f = (f, f µ ) : X → Y is called an approximate level map provided Λ = M , f = 1 Λ : Λ → Λ, and it satisfies the following condition.
In this case we write (f λ ) for (f, f µ ). The notion of approximate level map was first introduced in [12] under the name of special approximative map. Every approximate map is represented by an approximate level map in the following sense [12, Theorem 2.15].
Theorem 4.2. Let X = (X λ , U λ , p λλ ′ , Λ) and Y = (Y µ , V µ , q µµ ′ , M ) be approximate systems of spaces in C, and let f = (f, f µ ) : X → Y be an approximate map. Then there exist an approximate level map f 
[s]
ν is the composite of some p λλ ′ and f µ . Finally, in this section we discuss the AHLP for approximate level maps. In particular, we obtain a simpler condition that is equivalent to (AHLP).
For any approximate level map f = (f λ ) : X → Y and for any space Z , consider the following condition.
3. An approximate level map f = (f λ ) : X → Y has property (AHLP) with respect to a space Z if and only if it has property (AHLP) L with respect to Z.
Proof. Suppose that an approximate level map f = (f λ ) : X → Y has property (AHLP) with respect to a space Z. Let µ ∈ Λ and V ∈ Cov(Y µ ). Choose µ 0 ∈ AHLP(λ, V), and let µ ′ > µ 0 , and U ∈ Cov(X µ ′ ).
By (AML),
This together with (AHLP) implies that there exists a map
Thus the mapH = p µ ′ λ ′ H ′ : Z × I → X µ ′ is the desired map, and hence f satisfies the condition in (AHLP) L .
Conversely, suppose that f has property (AHLP) L with respect to a space
Then by (AHLP) L , there exists a mapH :
By (4.23), (4.24), (4.26), and (4.27),
(4.25) and (4.28) show that f has property (AHLP) as required.
Composition axiom
In this section we discuss the composition axiom for a fibration category in the sense of Baues [1] . Proof. Let ν ∈ N and W ∈ Cov(Z ν ). Take W ′ ∈ Cov(Z ν ) such that
Since g has property (AHLP), then sg has property (AHLP). Choose ν 0 ∈ AHLP(ν, W ′ ) for sg such that
and let λ ′ > λ 0 , and U ∈ Cov(X λ ′ ). Then we can choose a triple (
and choose a triple (ν 1 ,
To verify property (AHLP) for s(gf ), suppose that h : (5.7), and the assumption that g is uniform,
By (5.11) and (AHLP) for sg, there exists a mapH : (
By (AHLP) for f and (5.14), there exists a map K : (5.3) , and the assumption that g is uniform,
By (5.1), (5.13), (5.16) and (5.17),
By (5.15) and (5.18), we conclude that s(gf ) has the AHLP.
) be approximate systems in C, and let f = (f, f µ ) : X → Y be an approximate map. If f represents an isomorphism in APRO-C, then f has the AHLP with respect to any space.
By Theorem 2.6, there exist Note that for any approximate maps
A fibration category in the sense of Baues is a category with two classes of morphisms singled out, the class f ib of morphisms called fibrations and the class we of morphisms called weak equivalences, subject to four axioms (F1)-(F4). The first one, called the composition axiom, asserts that (F1) Isomorphisms are fibrations and weak equivalences. If two of the morphisms f : X → Y , g : Y → Z, and gf : X → Z are weak equivalences, then so is the third. Moreover, the composition of fibrations is a fibration. For more details, the reader is referred to [1] . Theorems 5.1 and 5.2 immediately imply the following corollary.
Corollary 5.3. The full subcategory of APRO-C, whose objects are approximate systems with property (H), fibrations are morphisms having the AHLP with respect to arbitrary space, and weak equivalences are morphisms which induce isomorphisms in pro-H(C), satisfy the composition axiom (F1). Thus the AHLP is well-defined for morphisms in ASh. A morphism F ∈ ASh(X, Y ) is said to have the approximate homotopy lifting property (AHLP) with respect to a space Z provided there is a representative [f ] ∈ E(p, q) of F which has the AHLP with respect to Z. This is equivalent to saying that any representative of F has the AHLP with respect to Z.
Let Sh denote the shape category [7] . There is a functor ASS : ASh → Sh which is defined as follows. For each object X in ASh, let ASS(X) = X. If that the system map f ′ which is obtained by forgetting the meshes of the approximate systems X and Y has the AHLP. This means that f is a shape fibration.
Conversely, suppose that a map f : X → Y is a shape fibration. Then this together with Lemma 6.3 implies that there is an approximate resolution (p, q, f ) of f such that f : X → Y is a commutative approximate map and has the AHLP as required.
Corollary 6.5. A map f : X → Y between spaces is a shape fibration if and only if AS(f ) has the AHLP with respect to any space.
Proof. This immediately follows from Theorem 6.1 and Corollary 5.4.
As an application of the composition axiom for approximate maps, we have Theorem 6.6. Every homeomorphism f : X → Y between topologically complete spaces is a shape fibration.
Proof. Theorem 2.7 implies that there exists an approximate resolution (p, q, f ) of f such that [f ] is an isomorphism in ASh. Then the approximate map f induces an isomorphism in APRO-APol, and hence, by Theorem 5.2, f has the AHLP with respect to any spaces. By Theorem 6.1 we conclude that f is a shape fibration.
